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Abstract. In the present paper, the reduction of some proofs in fl3] is presented. An entropic 
| inequality for quantum state and bi-stochastic CP super-operators is conjectured. 
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1. Introduction 

For the notations, readers are refereed to [0. So-called quantum operations are com- 
pletely positive (CP) and trace-preserving (TP) linear super-operator ®, it is also called quan- 
turn channel, stochastic CP super-operator, by which the decoherence induced in an J-level 
quantum system Hd are described by the map entropy S map (<D). When stochastic CP super- 
operator is unit-preserving, it is called bi-stochastic. In particular, depolarizing channels own 
an important role, for instance, Roga and his colleagues in obtained a result which states 
that among all quantum channels with a given minimal Renyi output entropy of order two the 



> 

in 

depolarizing channel has the smallest map entropy Renyi entropy. The present notes aims to 

cn 

O 



give another proof, based on a theorem in [2j. For convenience, it is listed as follows: 



Lemma 1.1. (Oj For any linear operator M on an n-dimensional complex Hilbert space, 
the uniform average of\{il/\M\\]/)\ 2 over state vectors on the unit sphere S 2,1-1 in C n is given 

f s2n _, \WM\f)\ 2 dfiW) = ^[Tr(MMt) + |Tr(M)| 2 ], 
where dp. is the normalized measure on the sphere. 

2. Main Results 
Proposition 2.1. IfSf n (A n ) = Sf n (0), then S^ ap (A„) < S^ ap (0). 

Proof. Now let 

SfXO) = SfXA„) = - log(l - 6) Ve 6 (0, 1). 
Then 

S™ p (A„) = -log[l-(l + !)£]. 
It suffices to prove S^ ap (0) > -log[l - (1 + ±)e] whenever Sf n (0) = -log(l - e). This is 
equivalent to the following statement: 



Key words and phrases. Quantum channel; minimal output entropy; map entropy; Renyi entropy. 

1 



2 LIN ZHANG 

Tr([0(|^|)] 2 ) < 1 - e => Tr([p(0)] 2 ) < 1 - (1 + \)e, 
where p(O) = is the Jamiolkowski state and 7(0) = O <8» 1(|1)<1|) is the dynamical 

matrix of quantum channel O. Now by the Kraus decomposition of <D: 

®(o-) = Y ii K i crKl Y,iK]Ki = t. 
Thus 

Tr([0(|^|)] 2 ) = Zij \{<p\K]Kj\ip)\ 2 < 1 - 6, V|^> 
and 

Tr([pd 2 ) = ^Z 'l Tr (^)l 2 . 



It follows from the Lemma [TTT1 that 



f y i{#^»i 2 ^x(i- e ) f jm^) 

Js 2 "-' "Tj Js 2 "-' 
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(2.1) 



= ^TT) E + I W!*y)l 2 ] < 1 - e. 



Therefore it follows from Schwarcz's inequality that 



= [Tr(l)] 2 = [Tr 



X^.] 2 = [Tr 



v i 



< Tr(l)Tr 



E*tf E^I 



(2.2) 



n^Tr^z/Zj-Zj) 

'J 

^Tr(Z i ZjZ 7 Z])>n. 



Combining Eq. (12.11) with Eq. (|2.2I) gives that 
^Z iJ |Tr(ZjZ y )| 2 <l-(l + i)6. 



□ 



Remark 2.2. In Q, Roga a/, used the following fact that let /j. be the Haar measure on the 
unitary group U(«) and let A be a n 2 x n 2 matrix, then 



f U* 2 A(U*f 2 dfi(U) = 

JU(n) 



/ Tr(A) Tr(AS) 



1 



i 2 — 1 n(n 2 - 1) 
where 5 stands for the swap operator: S\jxv) = \v/i). 

Corollary 2.3. IfS% ap (A n ) = S^ ap (0), tfc/i Sf n (A n ) > S™ n (0) 



Tr(A) Tr(A5)V 
n(n 2 - 1) ~ n 2 -\) 



S, 
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Proof. Since the function f(i) = - log - J (n > 2) is a contiguous, increasing function, it 
follows that 

SHA,0 = -log(^|^); 
i.e., S™ n (A„) is a monotonic increasing function of S™ ap (A„). This fact together the above 
proposition 12 . 1 1 implies that the conclusion. □ 

It will be useful throughout the present paper to make use of a simple correspondence 
between the spaces L("K, *7C) and "K ® ( H, for given Hilbert spaces H and "K. The mapping 

vec : U!H,<K)^<K®<H 
can be defined to be the linear mapping: 

Vec(A) = Yumn^miiWl ® \H) = Em/z^WK/) 

for every operator A e LCH, where {|m>} and { |yu> } are the standard basis for "K and 'K, 
respectively. When the vec mapping is generalized to multipartite spaces, caution should be 
given to the bipartite case (multipartite situation similarly). Specifically, for given complex 
Euclidean spaces 'Ha/b and 'Ka/b, 

vec : LCKa ® "Hb^a ® "Kb) — > ( K a ® ( Ha® ( Kb® ( Hb 
is defined to be the linear mapping that represents a change of bases from the standard basis 
of L(<H A ® <H B , % A ® "Kb) to the standard basis of ( K a ® < Ha® < K b ® Kb- Concretely, 

vec(|m)(n| <S> |p)(v|) := \mn) ® |pv), 
where {\n)} is the standard basis for IHa and {|v)} is the standard basis for < H B , while {|m)} is 
the standard basis for <K A and {|p)} is the standard basis for ( K B . The mapping is determined 
for every operator X e LCHi ® < H B , < K A ® *Kb) by linearity. Note that if X = A ® B, where 
A e L(<H A , <K A ) and B e L(<H B , <K B ), then vec(A ® B) = vec(A) ® vec(5). 

Proposition 2.4. For any CP super-operators <D and x ¥, with corresponding their Kraus rep- 
resentations: <D = YiiAd Mi and*¥ = YijAd Nj , respectively. Then: 

(1) O ® ¥ = 2ijAd Mi9N j, and 7(0 ® W) = 7(0) ® /(¥); 

(2) 7(0 o ¥) = O ® = 1 ® T T (7(0)) = O ® ¥ T (vec(l) vec*!)*). 

Proposition 2.5. Le? <D and *P are CP stochastic super-operators. For any p > 0, the Renyi 
map entropy satisfies the following addition identity: 
S™ ap (0> ® ¥) = S™ p (0) + S™ ap 0F). 

Prao/ By the Lemma [241 p($ ® ¥) = p(O) <8> pOF), which implies that ||p(0) <g> p(T)|| p = 
HpWIIpllpOP)!!/; since || • \\ p is multiplicative. Now 

S™ P (Q>®V) = _P-log||p(0)<8>peF)|| p 
' 1 - p 

= log iip(o)n P + J?— log \\ P m\ p 
i - p i - p 

= s ; 7 p (0) + S7 P (T). 
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Lemma 2.6. (Q]|) Let O be CP super-operator with their Kraus operators {Ki}. The corre- 
sponding transpose o/O is T /or which the Kraus operators sec Kj; the dual o/O is & for 
which the Kraus operators {Kj}. Then 

7(O t ) = SJ(<b)S and 7(O r ) = S7(0) T S, 
where S is the swap operator. 

Lemma 2.7. ( H| ) Let O, ¥ be CP bi-stochastic super-operators. Then the dynamical subad- 
ditivity inequality is valid: 

max{S map (0), S map (W)} < S raap (<£ o T) < S map (<J>) + S map (W). 

Proof. In the present proof, a simple approach is given, which is different from the one in @). 
Specifically, since <D is bi-stochastic, it is easily seen that 

S(0 o ¥) = S(0 (8) l(pr)) ^ S(T), S(<D o T) = S(l (8) ¥ t (p<d)) > S(O). 
Now from the Lindblad's entropic inequality; i.e., 

\S(fr(p,A)) - S(p)|< S(A(p)) < S(cx(p, A)) + S(p), 
it follows that 

S(0 <8 Kp^)) < SOovp) + Std-Oovp, O ® 1)) <=> S(<D o«P)< S(O) + SOP), 
where S(cr(p>r, <D <8> 1)) = S(O) can be easily checked. □ 

Proposition 2.8. For any bi-stochastic CP super-operators O, *P and any maximally entan- 
gled state -t= vec(t/), where U is anxn complex unitary matrix, the following inequality for 
von Neumann entropy holds: 

max{S map (0), S map eF)} < S((0 (8) v F)(vec(t/) vecCt/) 1 )) < S map (0) + S map (Y) 

Proof. It suffices to show that when U = 1. Thus let f7 = 1. Clearly, it follows from the 
Lemmal231that S map C¥) = S map C¥ J ) when ¥ are bi-stochastic (Therefore so does V F T ). Since 

(O (8 ¥)(vec(l) vec(l)T) = (O o ¥ T ® l)(vec(l) vec(l) f ) = 7(0 o ¥ T ), 
which implies that 

S((0 <8 ¥)(vec(l) vecCl) 1 )) = S map (0 o *P T ). 
Now under the condition that O, *P are bi-stochastic, it is obtained from [4] that 

|S raap (0) - S^OP)! < max{S map (0), S map (¥)} < S map (0> o W J ) < S map (0) + S map (Y). □ 

Remark 2.9. If the Lindblad's inequality employed, then 

|S map (0) - S map 0F)| = |S(p($)) - S(a[t (8) ¥,p(0)])| < S((l (8 ^0(p(O))) 
< S(p(0>)) + S(a=[l (8) ¥,p(0)]) = S map (0) + S map 0F). 

Thus the result can be generalized to the CP stochastic maps O. 
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Remark 2.10. There is a conjecture which can be stated as follows: if O, e T(*H) are 
bi-stochastic CP super-operators, then 

S(p) + S(0 o W(p)) < S(0(p)) + S(Y(p)) 
for any p e D('K), where D('K) stands for all density matrix acting on a A/-dimensional 
Hilbert space *K and T('K) all linear super-operators from L(*H) to L(*H). And what is a 
characterization of the saturation for the above inequality. If this conjecture is correct, then it 
can be employed to give a simple proof to the strong dynamical subadditivity for bi-stochastic 
CP super-operators. 
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